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- 1 RW model 



O 

o 

(N 

X> 
<D 
IX, 

(N 

> 
o 
i> 
o 

(N 

o ■ 

i < 
bo 



Kevin Vandersloot 1 ' 2 ^ 

'institute for Gravitational Physics and Geometry, 
The Pennsylvania State University, 
University Park, PA 16802, USA 
s Institute for Cosmology and Gravitation, 
University of Portsmouth, 
Portsmouth, P01 2EG, UK 

The loop quantization of the negatively curved k = — 1 RW model poses several technical chal- 
lenges. We show that the issues can be overcome and a successful quantization is possible that 
extends the results of the k = 0, +1 models in a natural fashion. We discuss the resulting dynamics 
and show that for a universe consisting of a massless scalar field, a bounce is predicted in the back- 
ward evolution in accordance with the results of the k = 0, +1 models. We also show that the model 
predicts a vacuum repulsion in the high curvature regime that would lead to a bounce even for 
matter with vanishing energy density. We finally comment on the inverse volume modifications of 
loop quantum cosmology and show that, as in the k = model, the modifications depend sensitively 
on the introduction of a length scale which a priori is independent of the curvature scale or a matter 
energy scale. 

PACS numbers: 98.80.Qc, 04.60.Pp, 04.60.Kz, 03.65.Sq 



I. INTRODUCTION 

One of the major cosmological parameters yet to be 
determined precisely pertains to the spatial curvature of 
the universe. While current observations indicate that 
the universe is very nearly flat, they do not yet provide 
irrefutable evidence as to whether on very large scales 
the curvature is positive, negative, or exactly zero (the 
k = +1,-1,0 Robertson- Walker (RW) models respec- 
tively). The current observations merely provide evi- 
dence of a prediction of inflation; namely, the curvature 
scale is sufficiently large such as to appear very nearly fiat 
to an observer. Such a feature is explained by inflation 
through a period of accelerated expansion in the early 
universe that inflates the curvature scale to very large 
values. Thus most work on structure formation has as- 
sumed that the universe is exactly flat with k — which 
is a good approximation for the post inflationary epoch. 
However, it is the period of the early universe where the 
curvature can play an important role and thus should not 
be neglected. 

It is also the high energy regime of the early universe 
where quantum gravity is expected to be a requirement 
for a complete description. While no complete and fully 
accepted quantum theory of gravity exists, a leading can- 
didate exists which is known as loop quantum gravity 
(LQG) P, H, The application of LQG techniques 
to the cosmological setting, loop quantum cosmology 
(LQC), has so far been restricted to the k = 0, +1 mod- 
els (see Q for a review). One of the major successes of 
the models of LQC so far is the resolution of the classical 
singularity predicted in the k = 0, +1 models Q which 
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can result in a repulsive gravitational force at high ener- 
gies that leads to a big-bounce of the universe 0,13, H, [§] . 
Thus an open question remains as to whether these re- 
sults hold in the negatively curved k = — 1 model and 
whether a loop quantization even exists. 

The k = — 1 model has not been constructed in LQC 
owing to technical issues that inhibit a successful quanti- 
zation. The k = — 1 model can be derived as the isotropic 
limit of the homogeneous Bianchi V model which lacks 
a correct Hamiltonian framework The Hamilto- 

nian framework is essential to the canonical quantiza- 
tion scheme of both LQG and LQC and thus this failure 
presents a roadblock to quantization. Notwithstanding 
this issue, as we shall show the k = — 1 model also leads 
to subtle features in the choice of dynamical variables in 
LQC that require careful attention when attempting a 
quantization. 

In this paper we will show that these issues can be suc- 
cessfully overcome leading to a loop quantization of the 
model. We will show that the Hamiltonian framework 
can be constructed specifically for the isotropic Bianchi 
V model and that the theory can be quantized incor- 
porating techniques similar to those used in the loop 
quantization of spherically symmetric models. The re- 
sulting quantum theory is in a form that is similar to 
the k = 0, +1 LQC models and thus shares many of the 
same features. We show directly that the model predicts 
a big-bounce in the backward evolution of the universe 
sourced by a massless scalar field. We describe this be- 
havior in terms of an effective Friedmann equation that is 
quadratic in the matter energy density. Furthermore the 
effective Friedmann equation predicts a vacuum repul- 
sion in the Planckian curvature regime, whereby a bounce 
would be triggered even with vanishing matter density. 
Finally, we comment on the inverse volume effects pre- 
dicted by LQC and show that they are dependent on the 
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introduction of a scale into the model which is not de- 
termined from the curvature scale or any matter energy 
scale. We discuss the phenomenological implications of 
this. 



II. CLASSICAL FRAMEWORK 

We begin with the classical framework that will form 
the basis of the loop quantization for the k = — 1 
model. Loop quantum gravity (and hence loop quan- 
tum cosmology) is based on a Hamiltonian framework 
using connection-triad variables as the gravitational field 
variables. The goal of this section is to consider the 
connection-triad variables which are invariant under the 
symmetries of the Bianchi V group (which leads to the 
k = — 1 model), and then construct the Hamiltonian in 
terms of the reduced variables, and finally show that the 
equations of motion derived from the Hamiltonian give 
back the usual cosmological equations of motion for the 
open model. 

The starting point for homogeneous cosmological 
model we consider are the Bianchi models. The homoge- 
neous metric is given by 

ds 2 = -N(tf dt 2 + oy(t) °Lu l a °J b dx a dx b (1) 

where ctij(t) are the dynamical components of the metric, 
N(t) is known as the lapse and represents the rescaling 
freedom of the time coordinate, and are a basis of left- 
invariant one-forms determined by the group structure of 
the Bianchi model being considered. The left-invariant 
one-forms satisfy 

rfV = ~& ; ife V A% k . (2) 

where C 1 ^ are the structure constants of the isometry 
group and thus characterize the Bianchi model. For the 
open k = — 1 model, we consider the Bianchi V model 
with structure constants that can be taken of the form 

C l 3 k = SiSjt - 5)5 kl . (3) 

The structure constants satisfy C l ij ^ which in the 
language of [ll[ implies that the Bianchi V model is class 
B. This fact will be important in what we consider later. 

In a particular choice of coordinates, equations @ can 
be solved explicitly to give the left-invariant one-forms as 

"uj 1 = dx (4) 
% 2 = e- x dy (5) 
% 3 = e- x dz. (6) 

where the coordinates x,y,z are valued on the real line 
representative of the fact that we are considering the 
spatially non-compact k=-l model with topology homc- 
omorphic to R 3 . Thus we have not chosen a particu- 
lar compactification of the k=-l model and work in the 



usual model with infinite spatial extent. If we consider 
the isotropic limit of this Bianchi model with Qy (t) — 
a 2 (t)6ij with a(t) representing the scale factor, and fix 
the lapse to be equal to one, then the metric 

ds 2 = -dt 2 + a 2 S, tj °u{ dx a dx b 

= -dt 2 + a 2 {dx 2 +e- 2x dy 2 + e- 2x dz 2 ) (7) 

can be shown to have constant negative spatial curvature 
and hence corresponds to the open k = — 1 model. The 
usual hyperbolic metric in hyperbolic coordinates ds 2 = 
— dt 2 + a 2 (dip 2 +sinh 2 ip (d9 2 + sin 2 8d(j) 2 )) can be recovered 
with the following transformation 

x = — ln(cosh^ — sinhi/j cos 9) 

sin cos 4> 

V = 

coth ip — cos 9 

sin 9 sin <p 

z = . 

coth ip — cos 9 

With the form of the metric (O, Einstein's equations lead 
to a set of differential equations satisfied by the scale 
factor a(t) given by the Friedmann equation 

fd\ 2 K 1 

and the acceleration equation 

a k t \ 

a = ~6\ pM+ PM ) () 

with pm and pm being the matter density and pressure 
respectively. Here k = 8irG with G being Newton's con- 
stant. 

In addition to the left-invariant one-forms, for what 
follows we will also need a basis of vector fields °e° which 
also are left-invariant. The left-invariant vector fields 
have commutators which provide a representation of the 
Lie algebra under consideration 

[°e i , e j }=C k ij e k (10) 

and are also dual to °oj l a thus satisfying 

°et°<=4- (11) 

In the chosen coordinates for the Bianchi V model, °e" 
are given explicitly as 

°ex = d x , °e 2 = e x d y , °e 3 = e x d z (12) 

whence it is simple to show satisfy equation (|10p . 

The classical framework of loop quantum cosmology 
(LQC) diverges from the standard framework in two im- 
portant ways. The first is that the equations of motion 
are derived from a Hamiltonian framework which allows 
for a canonical quantization of the theory. Secondly, the 
variables that form the basis for quantization are not the 
usual metric ones (i.e., the scale factor). This framework 
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follows directly from that used in the full theory of loop 
quantum gravity and it is these changes that allow for 
a rigorous quantization of gravity. The canonical set of 
variables consists of an orthonormal triad Ef (of den- 
sity weight one) which encodes the information of spatial 
geometry, and an su(2) valued connection A % a which is 
canonically conjugate to Ef . The starting point of LQC 
is to reduce these variables to the symmetry of the cos- 
mological model. We can use the basis provided by the 
left-invariant one-forms and vector fields to accomplish 
this. 

Starting with the triad Ef, we expand using the basis 
vector-fields as 



(13) 



where p(t) represents the dynamical component of the 
triad. The factor ^/°q = e~ 2x is a density weight pro- 
vided by the hyperbolic metric °q a b — °u\ which gives 
the triad Ef its density weight. Ef encodes the spatial 
geometry in a specific fashion being that it is related to 
the spatial three-metric q a b through 



EfE H = 



1919 



(14) 



Using this relation, we find that p is related to the scale 
factor as 



\p\=a 2 



(15) 



where the absolute value indicates that we are allowing 
p to take on positive and negative values in contrast to 
the scale factor which is usually assumed to be strictly 
non-negative. A change in sign of p corresponds to a 
change in orientation of the triad Ef leaving the metric 
q a b invariant. 

The first non-triviality of the k = — 1 arises when we 
consider a symmetric connection A l a . From the k = 0, +1 
models, we expect that an isotropic connection can be 
decomposed using the left-invariant one-forms as A l a — 
c(t) °uj % a [H, [l3[ with c being the only dynamical compo- 
nent. In this form, the connection is diagonal in the basis 
of left-invariant one-forms. However, this form must be 
consistent with the fact that on the half-shell (after solv- 
ing Hamilton's equations for Ef), A % a is determined from 
the dynamics of the spatial metric as 



Ai = 7 Ki + Ti 



(16) 



where K l a is the extrinsic curvature, 7 is known as the 
Barbero-Immirzi parameter (a real valued ambiguity pa- 
rameter of loop quantum gravity), and r* is the spin- 
connection. Upon symmetry reduction, the extrinsic 
curvature can be shown to be of diagonal form 1 K l a = 



1 The sgn(p) arises because the extrinsic curvature one-form carries 
the signature of the triad which is evident from the definition 
K l a = e al K a i, where K a b is the usual extrinsic curvature of the 
ADM formulation which does not carry information about the 
orientation. 



sgn(p)a °0J a which is consistent with the connection be- 
ing diagonal. However, this is not the case with the spin 
connection T l a . The formula for the spin connection is 
given by 



r* = 



~j*e)(d a 4 - 8 b e k a + e c k e l a d c e^S lm ) . (17) 



where e l a is the physical triad satisfying 

44 = q ab ■ (18) 
The physical triad e l a is related to Ef through 

1 



Ef . 



(19) 



Using the symmetric form of Ef (fl"3"|) and evaluating (|17[) . 
one finds that the spin connection is given by 



with 



T i = r i O J 
a J a 





n = 1 -1 

1 



(20) 



(21) 



whence it is clear that the spin connection is non- 
diagonal, and the assumption that the connection is di- 
agonal is not consistent. We must therefore take the 
connection to be of non-diagonal form 



A\ 



A 



c(t) 





c(t) -c 2 (t) 
c 2 (t) c(t) 



(22) 



In this form, the connection has two dynamical compo- 
nents c and C2, where on the half-shell c = sgn(p)"fd is 
determined from the extrinsic curvature and = 1. This 
is in contrast to the k = 0, +1 models where the connec- 
tion can safely be assumed to be diagonal and only has 
one dynamical component. 

With the symmetry reduced connection-triad vari- 
ables, the next step is to show that the Hamiltonian for- 
mulation leads to the correct classical equations of mo- 
tion. Yet here another problem arises. The Bianchi V 
model is of class B type where, as first shown in [10( , the 
ADM Hamiltonian formulation in the general homoge- 
neous case fails. The main issue is that the equations of 
motion derived from the symmetry reduced Hamiltonian 
do not agree with Einsteins' equations after symmetry 
reduction. In other words, the symmetry reduction and 
Hamiltonian formulation do not commute in the class B 
models. While this may seem a fatal issue for the k=-l 
model, it was shown in ^fj| that the Hamiltonian formu- 
lation does not fail for the isotropic limit of the Bianchi V 
model which is precisely the case we are interested. This 
failure does hinder the extension of the results presented 
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here to the anisotropic Bianchi V model, but we will now 
show explicitly that the Hamiltonian formulation of the 
isotropic model using the connection-triad variables leads 
to the correct equations of motion. Another avenue worth 
exploration is whether the analysis of [lCj holds in general 
for the Hamiltonian formulation based on the connection- 
triad variables used in loop quantum gravity which is 
manifestly different than the ADM Hamiltonian formu- 
lation and thus may not suffer from the same issues. We 
do not attempt to address this possibility here. 

Therefore, our aim now is to plug in the symmetry 
reduced connection (|2"2")l and triad (Ti~3"|) into the Hamil- 
tonian of the full theory and show that we get back the 
correct equations of motion (0 EJ). The action written in 
terms of the connection-triad variables 2 is given as [l| 

S GR [E,A,X\N a ,N] = Jdt Jd 3 x^EfC t Ai 

- [X'Gi + N a C a + NC GR ] (23) 

whence the Hamiltonian is a sum of constraints: Gi is the 
Gauss constraint, C a is the diffeomorphism constraint, 
and Cqr is the Hamiltonian constraint. The parame- 
ters A*, N a , N are Lagrange multipliers which enforce the 
vanishing of the constraints. The first term of the action 
indicates that the connection and triad are canonically 
conjugate with Poisson brackets 



{A i a {x),E b j {y)} = K 1 8)5 b J(x-y) 



(24) 



Hamilton's equations for the connection A\ and triad E°- 
can then be shown to be equivalent to Einstein's equa- 
tions. 

When inserting the symmetry reduced connection and 
triad into the action, the first issue we face is that the 
spatial integration in the action diverges since we are con- 
sidering the non-compact k = — 1 model. This same issue 
arises in the non-compact k = model and would arise in 
any cosmological quantization scheme based on a Hamil- 
tonian or action framework. To overcome this, we choose 
the follow the technique used in the k = model for LQC 
[IH ; namely, we restrict the spatial integration to a finite 
sized fiducial cell with a fixed background volume 



V 



'<1 



(25) 



Note that the extent of the fiducial cell is fixed on the 
manifold or in other words has fixed comoving coordi- 
nates. Thus, as the universe expands for instance, so 
would physical size of the fiducial cell. The choice in the 
fiducial cell remains a quantum ambiguity and we will be 
interested in determining whether the resulting quantum 



theory makes predictions dependent on Vq. As we now 
show, the choice in fiducial cell has no effect classically, 
but that is not true in the quantum case which we will 
discuss later. 

Now with the understanding that we are limiting the 
spatial integrations in the action to the fiducial cell we 
can insert the symmetry reduced connection and triad 
(|2"2l fl~5]) . The canonical term is given by 



dt 



(fx — Ef CtA' 

K 7 



, W 
at p c 

K7 



(26) 



which indicates that c and p are canonically conjugate 
with Poisson brackets 



Wo 



(27) 



The Gauss constraint in terms of the reduced variables 
is given by 

Gi = 8 a E? + e w k A{E% = — ^ p (c 2 - 1) 5 a (28) 

and thus is non-vanishing. This is in contrast to the 
k = 0, +1 models where the Gauss constraint vanishes 
indicative of the fact that a complete gauge fixing of the 
Gauss constraint was performed in those models. This 
suggests that we should gauge fix the Gauss constraint 
by setting S2 to be identically equal to one. With this, 
the Gauss constraint vanishes and additionally the diffeo- 
morphism constraint C a can be shown to vanish. With 
this gauge fixing the connection is now of the form 



A\ 




(29) 



and we are now left with two dynamical phase space vari- 
ables p and c and one surviving constraint, the Hamil- 
tonian constraint. This is exactly the situation in the 
k = 0, +1 models. 

The dynamics of the model is now entirely encoded in 
the Hamiltonian constraint which is given by 

c GR = -^Vm(?-i 2 ) (so) 

and the entire gravitational action becomes 3 



S GR [p, c,N] 



j, Wo ^ 
at p c 

K7 



N 
2k 



(31) 



2 The action can also be derived from a Legendre transform of 
the covariant Hoist action written in terms of a four dimensional 
so(3,l) connection and a co-tetrad [3 . 



3 The extra factor of 2k appearing below the lapse N appears 
because the Hamiltonian constraint used in previous works of 
LQC differs from the Hamiltonian constraint in the full theory 
given in []J by the factor of 2k. A constant factor multiplying 
the Hamiltonian constraint does not affect any physical results. 
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whence the total Hamiltonian including matter is given 
by 



n 



3V N 

K"f 2 



\p\( 



~2 2 

c — 7 



H 



M 



(32) 



with H.m denoting the matter Hamiltonian. 

With the Hamiltonian and Poisson structure we can 
now derive the classical equations of motion. We first 
have Hamilton's equations x = {x, H.} for any phase- 
space variable x, and further the Hamiltonian itself must 
vanish since it is proportional to the Hamiltonian con- 
straint. Starting with Hamilton's equations for p we find 



P~={p,H) = 



K7 dJi 

iV\p\~ 



7 



(33) 



where for the equations of motion we have fixed the lapse 
N = 1. Notice that the factors of Vb cancel appearing 
both in the numerator of the Hamiltonian (|32[) and in the 
denominator of the Poisson brackets (f2"T)l . Furthermore, 
we have assumed that the matter Hamiltonian only cou- 
ples to the spatial geometry i.e., is only a function of 
p and not c. This assumption is true for scalar fields 
and perfect fluids, though is not true for fermions for in- 
stance which we do not consider (see [l6| for discussions 
for the inclusion of fermions in LQG with physical effects 
dependent on the Barbero-Immirzi parameter 7). Using 



we can write the left-hand side of the Friedmann 



equation as 



H 



7 2 H 



(34) 



Now we can use the vanishing of the constraint to relate 
the right-hand side to the matter density. Using H = 
we find 



H z = - 



k Km 



1 



3U0F 5 / 2 \p\ 



3 PM + ^ 



(35) 



where we have used 'HuKVoP^ ) = Pm- Thus the 
reduced Hamiltonian gives back the correct Friedmann 
equation. Similarly the acceleration equation can be de- 
rived by considering Hamilton's equation for c once the 
matter Hamiltonian is explicitly specified. 

This derivation demonstrates explicitly that the 
Hamiltonian framework presented here leads to Einsteins 
equations for the open k — — 1 model. This also demon- 
strates that the equations of motion classically are in- 
sensitive to the choice in fiducial cell Vb which was in- 
troduced to regulate the divergent spatial integrals in 
the action and resulting Hamiltonian. Furthermore, the 
Hamiltonian is similar in form to the k = 0, +1 models 
and thus is indicative that a successful loop quantization 
is possible. 



Before turning to the quantization, we would like to 
make a closer connection to the LQC work of the k = 
0, +1 models. There we can define untilded variables by 
rescaling p and c by a factor dependent on the fiducial 
cell as 



T/ 2 /3 ~ 

V p 



p 

C = V C 



(36) 



In terms of the untilded variables, the Poisson bracket is 
now independent of Vq 



K') 

T 



{c,p} 

and the Hamiltonian constraint becomes 



Cgr = 2^P~\{ 



c 



^o 2/ V 



(37) 



(38) 



The relation between the rescaled triad and the scale 
factor is given by 



\p\ = u 2 / V 

as well as the half-shell relation 



sgn(p)V 1/3 7a . 



(39) 



(40) 



We will use the Hamiltonian based on the untilded vari- 
ables as the starting point for quantization. Notice that 
Vq appears explicitly in the Hamiltonian constraint (|38j) 
which is in contrast to the k — model where Vq drops 
out of the constraint. 

It will be important in the interpretation of the quan- 
tum theory to understand the physical meaning of the 
variable p. From the relation (|39|) , we find 



\p\ 3 / 2 = V a 3 = Kell 



(41) 



which one recognizes as representing the physical volume 
of the fiducial cell. Note that in order to physically mea- 
sure the value of p, one would need prescribe the size of 
the fiducial cell. For instance, if today the fiducial cell 
is taken to have Planckian physical volume: Vcell = lp, 
then p is similarly Planckian: p = lp. This can be so de- 
spite the fact that, assuming we live in an open k = — 1 
universe, the value of the scale factor a is astronomically 
large. Thus there is no direct correlation between the 
value of the scale factor a, and the value of p. Again the 
value of p is highly dependent on the size of the fiducial 
cell. 

Let us conclude this section with a further note about 
the fiducial cell. Since we will be interested in whether 
the quantum predictions are sensitive to this choice, we 
would like to know how the classical variables transform 
under a change in its size. For instance, let us consider 
that the fiducial cell is resized as 



v -> Vo = ev 



(42) 
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then from their definition (|36j) . the untilded variables 
transform as 



P ' 
c ■ 



P 

■c' 



(43) 
(44) 



Note that the scale factor a (and therefore p and c) do 
not make reference to the fiducial cell and therefore do 
not rescale under this change. The scaling of p can be 
understood from (j4Tj) by noting that the value of p is 
determined from the physical volume of the cell, and thus 
if the cell is enlarged, we expect the value of p to be larger. 
The untilded variables therefore do not classically have 
direct physical meaning as they can be freely rescaled 
under this transformation. What is physical classically 
are changes in p and c where for instance the Hubble rate 
H = 5 (2 j is invariant under a resizing of the fiducial cell. 



III. QUANTIZATION 

With the classical framework completed, we can now 
turn to the loop quantization of the model. To achieve 
this in the canonical quantization scheme involves the 
following steps. First one chooses a set of basic vari- 
ables and finds a quantum representation of their algebra 
in order to construct what is known as the kinematical 
Hilbert space. The next step is to construct an opera- 
tor corresponding to the Hamiltonian constraint that is 
self-adjoint in the kinematical Hilbert space. Lastly, the 
physical Hilbert space consists of wavefunctions that are 
annihilated by the constraint operator and that have fi- 
nite norm in a suitable physical inner product (which typ- 
ically is not equivalent to the kinematical inner product). 
One then interprets the theory by evaluating expectation 
values of observables on physical wavefunctions. By con- 
sidering the k — —1 model sourced with a massless scalar 
field, this program can be carried out to completion. The 
construction of the k = — 1 model presented here follows 
closely that of the k = model presented in Q , and thus 
we will omit many of the technical details and refer the 
reader to that article for a complete description. 



hand, the holonomies amount to exponentials of the con- 
nection c and it is this fact that becomes the departure 
point of LQC from previous versions quantum cosmology 
based on a Schrodinger type quantization of the Hamil- 
tonian. 

Thus let us consider the holonomies in detail. In the 
k = model they consist of integrating the connection 
along edges generated by the left-invariant vector fields 
and assume the form hi = cos (^r) + 2sin(^)ri where 
~p is equal to the fiducial length of the edge divided 

1 /3 

by Vq , and n are the generators of SU(2) satisfying 
{ji,Tj} = €ij k Tk- With holonomies of this form, the al- 
gebra generated is that of the almost periodic functions 
(which look like exponentials of the connection e I/ic ) and 
the kinematical Hilbert space assumes a simple form[l5l|. 
However, when we consider holonomies of the connection 
in the k = — 1 model considered here, they take on a more 
complicated form where for instance the holonomy along 
the edge generated by "e^ is given by 



-V r 



2/3 



CT 2 



t/1/3 



sin ■ 



Aty c 2 - 



■V r 



2/3 



V 



2/3 



(45) 



and thus the algebra generated is no longer simply that of 
the almost periodic functions. Finding a representation 
of the algebra would be difficult. 

However, we can exploit a technique used in the loop 
quantization of other models such as the spherically sym- 
metric models of LQG [17j | as well as the quantization of 
the Schwarzschild horizon interior [l8| . The complicated 
form of the holonomies of the connection arises because 
of the non-diagonal form of the connection (|2T)|) . If we 
consider instead holonomies of the connection minus the 
spin-connection (essentially holonomies of the extrinsic 
curvature) as done in [T7L Tl8(| . then the holonomies are 
of a form equivalent to the k = 0, +1 models 



hi = cos — 



2 sin ( tL 1 r, 



(46) 



A. Kinematical Hilbert Space 

To construct the kinematical Hilbert space we first 
must consider the elementary variables that will form 
the basis for quantization. From the full theory of LQG, 
one does not take the bare connection A % a and triad Ef as 
the basic variables. Rather, in the case of the connection, 
one integrates A l a along edges and then exponentiates the 
quantity leading to a holonomy. The holonomy variables 
are then taken as the basic configuration variables. The 
momentum variables are fluxes which are constructed by 
integrating of the triad over a two-surface. In the cosmo- 
logical setting, fluxes are simply proportional to p which 
therefore forms an elementary variable. On the other 



where again c refers to the diagonal component of the 
connection in (f2"5)) . In the full theory, the extrinsic cur- 
vature is not a connection and hence its holonomies are 
not defined. However, in the reduced setting we have per- 
formed a complete SU(2) gauge fixing to arrive at sym- 
metric connections and thus it is possible to regard the 
extrinsic curvature as a connection. The resulting quan- 
tization will be a slight departure from that predicted by 
the full theory and thus care must be taken when inter- 
preting the results. In sectionfVl we will comment on the 
regime where we expect the differences to occur. 

Additionally we shall follow the prescription of Q lead- 
ing to improved dynamics for LQC. Namely, in contrast 
to the original literature of LQC, we assume that the pa- 
rameter ~p appearing in the holonomies is a function of 
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p and not a constant. The motivation for this can be 
seen as twofold. First let us consider the issue of the 
fiducial cell dependence. The quantity ~pc appears in the 
holonomies (146[) and we have shown that under a re-sizing 
of the fiducial cell, the connection c scales according to 
equation (|44p . Quantum corrections can arise when ~pc 
becomes on the order of one (l9| and thus we can gener- 
ate arbitrarily large quantum corrections by choosing a 
larger fiducial cell as long as 71 is a fixed constant. How- 
ever, if ~p scales as 



1 



(47) 



then we find that the quantity Tic is invariant under a 
resizing of the fiducial cell. A direct result of this in the 
k = model is that the bounce occurs when the matter 
energy density is on the order of Planckian [fj which is 
to be expected on physical grounds. On the other hand, 
if ~p is a fixed constant, the bounce can occur even at 
largely sub-Planckian densities and even a cosmological 
constant can trigger a future recollapse of the universe 
0) B Hil • The second motivation for this scaling comes 
from the method proposed in [TEj to constrain the value 
of Jl based on using the minimum area eigenvalue of LQG 
in constructing the Hamiltonian constraint operator. We 
will discuss this in more detail when we construct the 
constraint operator. For now let us assume that ~p is 
given as 



(48) 



where A is a constant to be fixed later. 

The kinematical Hilbert space can then be constructed 
and a basis is given by eigenstates of the p operator la- 
beled by a real parameter v with eigenvalues 



p\v) 



2/3 



where the constant K is given by 

2 / ivyH 



K = 



6A 



(49) 



(50) 



Similarly the states \v) are eigenstates of the fiducial cell 
volume operator 



t7 i \ [Kjh\ 2 /z \v\ 
V ccii \v) = [—) - \v) 



(51) 



The parameter v runs over the entire real line, but the 
spectrum is discrete in the sense that the states \v) are 
normalizable satisfying 



(v' | v) = 5 V > X 



(52) 



A general quantum state is a continuous sum over the ba- 
sis states \ v) as well as any matter degrees of freedom. We 



will interest ourselves in the inclusion of a scalar field de- 
gree of freedom whence a general quantum state is given 
by 



(53) 



with the kinematical inner product between two states 
given by 



(*1 I *2)kin = 



v,4>)* 2 (v,<t>). (54) 



A quantum state which lies in the kinematical Hilbert 
space has finite kinematical norm which implies 



(55) 



This constitutes the kinematical Hilbert space as well 
as the action of the basic flux operator p. Additional 
basic operator are required in the form of holonomy op- 
erators which can be built using the formula (|46[) and the 
basic exponential operators 



h± = exp(=pi/ic/2) 



(56) 



The basis \v) has been chosen such that the exponential 
operators act simply as shift operators 



h±^(v) =V(v±l). 



(57) 



An important feature of the quantization is that since 
holonomies form the basic configuration variables, there 
is no basic operator corresponding to the connection c. In 
order to construct such an operator, one has to approxi- 
mate it using the basic holonomy operators. An example 
of this is given by the Hamiltonian constraint to which 
we turn now. 



B. Quantum Difference Equation 

The next step in quantization is to construct a Hamil- 
tonian constraint operator that is self-adjoint on the kine- 
matical Hilbert space. The classical expression for the 
gravitational part of the constraint is again given by 



Cgr = --2\Ap\ \ c 



7V 3 



(58) 



which is equivalent to the k = model up to the ^ 2 V^ 3 
term in the parentheses. The main complication in con- 
structing the gravitational part of the Hamiltonian con- 
straint operator is the lack of an operator for the bare 
connection. Thus the c 2 term must be quantized using 
holonomies. Following the results from the k = model, 
the following classical re-expression 



Cgr 



ijk 



tr 



-2pVv? / Vi)M>C 1 > v } 



(59) 
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can be shown to give back the classical expression (|58j) 
in the limit as ~p is taken to zero. This expression is now 
readily quantizable with the major non-triviality being 
that we can not take the limit as ~p goes to zero as that 
would require a c operator. Thus in the quantum con- 
straint operator we do not take the limit, instead leaving 
/I to be a finite parameter given by the expression (|48p . 

In order to constrain the parameter A in the defini- 
tion of ~p (or equivalently the parameter K in ([50]) ) . in 
the k = model one can connect to the full theory of 
LQG by shrinking Jl until the closed loop spanned by 



■v 



has the min- 



the edges of the holonomies hihjh, t 
imum physical area eigenvalue of LQG. This fixes the 
value of A to be equal to the minimum area eigenvalue 
of LQG A = 2v / 3vr7^p which implies that K is given by 

K = 2 , However, in the k = — 1 model this in- 



3V3\/3 

terpretation does not hold since the edges do not close. 
Thus we can not a priori make the same assignment of 
K . We can however turn to the k = +1 model for guid- 
ance. There, the quantization has been performed us- 
ing holonomies of the extrinsic curvature where the loop 
similarly does not close [HI, [2(| ■ The quantization of the 
k = +1 involving holonomies of the connection and using 
a closed loop for the constraint operator appears in @ 
and there the value of K is constrained to the same value 
as the k = model using the same procedure. Further- 
more, the quantization using holonomies of the connec- 
tion is quantitatively similar to the one using holonomies 
of the extrinsic curvature in the v 3> 1 regime which can 
be taken as evidence that the same value of K should be 
used in both quantizations. With this in mind, we will 
leave this issue open and assume that the parameter K 
is on the order of one without explicitly fixing its value. 

With the caveats mentioned, the construction of the 
constraint operator follows that of the k = model (see 
@ for details). The action on the the operator is given 

by 



Cgr^(v) = f+(v) *(« + 1) + f (v) *(v) 
+/_(«) 

with the functions / given by 



27 kjHK 



U{V) - 16 V 6 7 2 
/_(«) = /+(«-4) 
fo(v) = -/+(») -f-(v)+g(v) 



(60) 



(61) 

(62) 
(63) 



and the function g(v) representing the modification com- 
ing from the k = — 1 model given explicitly as 



2/3 



"9* , ,1,, 

6 



1 - v - 1 



(64) 



Thus the contribution from the k = — 1 model amounts 
to the addition of a term g(v) that acts diagonally on the 
basis states \v). 



To discuss dynamics and interpret the difference equa- 
tion we can add matter in the form of a massless scalar 
field as done in [6j. Since the difference equation will 
be of similar form the the k = model most of the re- 
sults remain valid. With a massless scalar field, the full 
constraint is given by 



c = a 



GR 



up 



-3/2p2 



(65) 



where is the canonical momentum to the scalar field. 
Since the Hamiltonian is independent of the scalar field 
</>, the conjugate momentum P$ is a constant of motion 
classically. The classical Friedmann equation is given by 



P 2 
6 V a 2 a 6 



1 



(66) 



which can be solved explicitly in terms of conformal time 
drj = adt giving 



UP* 

^sinh(2ry) 



and similarly the scalar field evolves as 
1 [6 

4>{ri) = 2 Y ~ m ( tanh v) + 4 



(67) 



(68) 



Both are monotonic functions and thus can play the role 
of emergent time. If we choose the scalar field to play 
the role of emergent time the evolution of a is given by 



a 2 (0) = cschyV3(0 - O ) 



(69) 



For the quantization of the matter part of the con- 
straint, the operator for P^ acts simply as P^ = 
—ihd/d(j). The inverse volume operator p -3 / 2 requires 
careful treatment as the naive inverse of the p operator 
does not lead to a densely defined self-adjoint operator 
owing to the fact the the normalizable state \v — 0) lies 
in the spectrum of the p operator. Using techniques from 
the full theory [2l|, [22j, the application to LQC leads to a 
bounded self-adjoint operator [23| with eigenvalues given 

by! 



6 



\3/2 



with the function B(v) given by 



B(v)H>(v) 



B(v) 



K\v\ 



1 



1/3 



1 



1/3 



(70) 



(71) 



This inverse volume operator represent one choice among 
many possible choices of the types that have been ex- 
plored in [23j. In particular there is freedom to use 
a particular spin J SU(2) representation to define the 
holonomies. The operator shown here corresponds to us- 
ing the fundamental representation (J = 1/2) in accor- 
dance with arguments indicating that the theory should 
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be quantized using that value [24l |25| . The behavior 
of B(v) changes for v < 1 and v > 1. For v < 1, 
-B(u) behaves polynomially and increases for large val- 
ues of v while it vanishes at the singularity v = 0. 
For v > 1, -B(w) approaches the classical expression 

/ s3/2 

£?(«) w l^jp) p _3/2 . The physical meaning of v < 1 

is dependent on the choice of fiducial cell and we will 
discuss this in more detail in section fVl 

With the matter constraint operator, the difference 
equation can be rearranged into the form 



d 2 *f(v, 



-(9o + e_i)*(w» (72) 



with the Go operator equivalent to the O operator in the 
k = model 



C+(v) 



-Biv)- 1 C+{v)^{v + A) + C°(v)^(v) 
+ C-(v)*(vj\ (73) 

3KK ' (74, 



\v + 2 



64 

C-(v) = C+(«-4) 
C°(«) = -C+(«)-C-(w) 



v + l\-\v + 3\ 



(75) 
(76) 



The fc = —1 model contributes the 0_i operator which 
acts diagonally on &(v) as 



u + 1 



«- 1 



(77) 



The combined operator is self-adjoint but not pos- 
itive definite. If we restrict ourselves to the positive part 
of the spectrum of then the physical inner product can 
be constructed in a simple fashion. Namely we restrict to 
eigenstates e w (u) of the operator: Qe w (v) — uj 2 ek(v). 
Since is self-adjoint and we are restricting to the pos- 
itive part of the spectrum, by spectral analysis we can 
construct an operator corresponding to the square root 

Vq. Solutions to the difference equation then split into 
positive and negative frequency solutions satisfying a first 
order Schrodinger like equation 



x 



(78) 



4 Technically is self-adjoint on the Hilbert space 
^ 2 (I^Bohri -B( t ')^MBohr) where RBohr refers to the almost 
periodic functions. The extra factor of B(v) is due to the 
fact the Cgr is self-adjoint in the kinematical Hilbert space 

-k 2 OR B ohr,dMBohr) aIld that ® K B ~ 1 ( V ) C GR 



In this form, the difference equation is like a standard 
evolution equation in terms of the scalar field (j>. We 
can restrict to the positive frequency solution space when 
considering physical wavefunctions whence the physical 
inner product is given in analogy with the Schrodinger 
inner product of quantum mechanics as 

(* 1 I *2)phys = B ^ fa) ^ <M ■ (79) 

v 

As in quantum mechanics, the physical inner product can 
be evaluated at any 'time' (/>o, and the difference equation 
([75)1 guarantees that the result is independent of </>q. 

Lastly to interpret the physical wavefunctions requires 
the evaluation of expectation values of observables. Tech- 
nically, we require Dirac observables which correspond to 
quantum operators which commute with the constraint 
operator so as to lead to unambiguous gauge invariant 
observables. Following the k = model Q the scalar 
field momentum P^ = —ihd/d<j) is an observable whose 
operator trivially commutes with the constraint opera- 
tor. An additional observable is the value of v at a given 
instant in 'time' (f>o labeled v\ ( j >0 . The expectation value 
of this observable is given by 



(80) 



IV. DYNAMICS 

With the inclusion of the massless scalar field, the re- 
sulting dynamics and interpretation of the theory can be 
understood by constructing suitable semi-classical states 
[H H HH ■ The dynamics of the theory is most easily un- 
derstood by choosing the scalar field cj) to play the role 
of the internal clock. Following the procedure set forth 
in d, Q , eigenfunctions of the operator are calculated 
and then Fourier transformed to get physical wavefunc- 
tion solutions to the quantum difference equation. Thus 
given the eigenfunctions e u {v) we choose a Gaussian pro- 
file e -("- w *) / 2cr e IW 0» peaked around a large value of 
the scalar field momentum P^ = Huj* with spread a and 
peaked around a value of the scalar field <f>*. Physical 
wavefunctions are constructed throuh the Fourier trans- 
form 



which are thus by construction solutions to the differ- 
ence equation. Numerically, the procedure is to first cal- 
culate the eigenstates e u (v). Typically, there is a two- 
fold degeneracy in the eigenstates, and this is removed 
by choosing the eigenstate that matches the positive fre- 
quency Wheeler-DeWitt solution 5 for large v. Once the 



Wheeler-DeWitt solutions are eigenstates of the operator © 
which is the continuous differential operator that approximates 
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eigenstates are calculated, the Fourier transform (|8Tj) is 
calculated using the Fast Fourier transform algorithm. 

An example of a numerical simulation is shown in fig- 
ure [TJ The state is initially peaked around a large value 
of v and evolves towards the singularity while remaining 
sharply peaked. Instead of plunging into the singular- 
ity as expected from the classical dynamics, the state 
bounces leading to an expanding universe. The results 
of the quantum dynamics are qualitatively similar to the 
k = 0,+l models [I,©] and the bounce occurs when the 
energy density of the scalar field is Planckian. 




Figure 1: Evolution of semi-classical state initially peaked at 
a large value of v. The state remains sharply peaked and 
bounces before reaching the singularity v = 0. After the 
bounce, the state continues to remain sharply peaked and 
leads to an expanding universe. The values of the numerical 
parameters used in the simulation were to, = 700, a = 20, 
V = 1, and K = 1/2. 

The behavior of the dynamics can be understood in 
terms of an effective classical description. This amounts 
to considering an effective modified Hamiltonian con- 
straint through which effective classical equations of mo- 
tion are calculated. Note that by nature this sort of ef- 
fective description can not completely encode the predic- 
tions from the quantum theory and care must be taken 
when applying the effective theory in more general set- 
tings. In particular if the wavefunction becomes non- 
sharply peaked, then additional modifications to the dy- 
namics are expected to become appreciable [27l |. In the 
numerical simulations performed for this work, the wave- 
function remains sharply peaked throughout the evolu- 
tion, and the effective description provides an accurate 
description which we show explicitly now. 



the difference operator in the large v limit. See 
details. 



for more 



The effective Hamiltonian is given by (see [19|, [2J, |27|, 
US HI, H3] for various discussions on the issue) 

nj 3 V1PI • 2 / — \ , ^V\P\ V /3 , | ,3/2 /n X 

Keff = 5=2 sm (j" c ) H !~ \P\ Pm(82) 

where again ~p is a function of p given by 



M= \ 777 ■ 



(83) 



Note that in this effective Hamiltonian, we are implicitly 
assuming the v 3> 1 limit. In particular, in this limit 
the B(v) eigenvalues that would appear in the matter 
part of the Hamiltonian are approximated by the classical 
expression; namely 

B(v) = — + <D(v~ 3 ) (84) 
v 

and thus the matter density takes on its classical form 
2p 



Pm 



(85) 



In this effective Hamiltonian we are therefore ignoring 
the inverse volume corrections to the matter Hamilto- 
nian and will show that this is a good approximation by 
comparison with the quantum dynamics. 

With this effective Hamiltonian we can derive an effec- 
tive Friedmann equation. To do this first we note that 
the left hand side of the Friedmann equation involving 
the Hubble rate squared can be written as 



H 2 = 



(86) 



which is a simple consequence from the fact that p cx a 2 
from equation (|36p . The time derivative p is calculated 
from Hamilton's equation p — {p,Tl e ff} giving 



H 2 



0" 



l ( p 

4 



1 



,2 — „ 



„2 — „ 



2 _ 2 j sm fj,c cos pc 



7Vbl 

2 sin 2 Tic (1 — sin 2 ~pc) . (87) 
7 M \P\ 



Lastly we can use the vanishing of the Hamiltonian to 
relate sin 2 Tic to Pm which gives 

sin 2 TZc = 7 Vl/ 2 / 3 + ^f^p M . (88) 

Putting these together and writing in terms of the scale 
factor |p| = Vq a 2 we get for the effective Friedmann 
equation 



1 



7 2 A «7 2 A 



-Pm 



(89) 



The first term in parentheses is the classical right-hand 
side of the Friedmann equation and thus the second 
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term in parentheses represents the quantum modifica- 
tions. The bounce can be understood as arising when 
second term vanishes; namely, when the matter density 
reaches a maximum 



Pn 



K7 2 A 



(90) 



where the first term is precisely the same form as the 
critical density p c = K ^ 2 /± arising in the k = model and 
the second term forms an additional contribution from 
the k = — 1 model. Notice that the actual value of the 
matter density at the bounce point, depends on the value 
of the scale factor at the bounce point. To determine the 
bounce scale factor a c and the value of the bounce energy 
density for the massless scalar field, we can solve for when 
the matter density equals the maximum value 



2V*a% 



naf. 



(91) 



If the scalar field momentum is sufficiently large, then 
a c is sufficiently large that the second term is negligible 
and we find that the bounce energy density agrees with 
the form of the k = critical density p max ~ p c . The 
actual value of p c is dependent explicitly on the value of 
A which by (|50|) depends on the value of K . If K is on 
the order of one, then ([5(7)1 implies that A is on the order 
of the Planck length squared, and one finds that p c is on 
the order of the Planck density. From the arguments of 
@, the critical density in the k = model is valued at 
p c = .82 p p . 

It is evident from the effective Friedmann equation (|89|) 
and from the form of the maximum energy density (190|) 
that arbitrary matter with positive energy density will 
trigger a bounce. Furthermore, the effective Friedmann 
equation predicts a minimum scale factor a m i n that the 
open universe can reach. Namely, even in the vacuum 
energy density case the right hand side of the effective 
Friedmann equation is negative and thus forbidden for 
values of the scale factor below 



= 7 Va 



(92) 



which again is on the order of the Planck length if A is on 
the order of the Planck length squared. Thus the open 
model constructed here predicts a vacuum repulsion in 
the high curvature regime. 

We can compare the predictions of the effective Fried- 
mann equation with the quantum dynamics as a method 
of testing the validity of the effective theory. In figure [H 
the expectation value of observable < v\cf, > is plotted 
along with the spread < Au|0 o >. The solid line is the 
trajectory predicted from the effective Friedmann equa- 
tion ([59"[) which agrees quite well with the expectation 
values. We see that the effective Friedmann equation ac- 
counts for the bounce at the right moment and agrees 
very well in the post bounce regime. This testifies as to 
the validity of the effective theory in the massless scalar 



field model considered. Furthermore, we have ignored 
the inverse volume corrections to the matter part of the 
effective Hamiltonian and thus the quantum dynamics 
are not sensitive to those effects. The reason for this is 
that the bounce occurs at a value of v much larger than 
one. In particular for the values of the parameters chosen 
in figure [21 the bounce value of v is 228.015. In order to 
probe the small v regime, one would need a semi-classical 
state with a small value of yet such states behave non 
semi-classically with large spread and thus the effective 
description would not be valid and the quantum state 
would not be a good description of our universe.. 

However, as we mentioned one should keep in mind 
that in more complicated models, the effective theory 
shown here can in principle deviate from the quantum 
dynamics with deviations that may depend of the quan- 
tum state. Thus it is an open issue to understand better 
in what regimes the deviations occur and whether or not 
the deviations can be accounted for in a more complete 
effective picture. An effective theory that takes into ac- 
count the quantum degrees of freedom (such as the spread 
of the wavefunction) can be found in [271 ] , and thus merits 
testing with the quantum dynamics in more complicated 
scenarios. 
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Figure 2: Expectation value (dots) of v\ l f > observable with 
the error bars representing the dispersion. The expectation 
values are approximated well by the predicted values (solid 
line) from the effective Friedmann equation 



V. DISCUSSION 

We have shown explicitly that a successful loop quan- 
tization of the k = — 1 model exists with the correct 
semi-classical limit. In this quantization the results of 
the k = 0, +1 models are extended and the classical sin- 
gularity can be resolved even leading to a big-bounce 
with a massless scalar field. This is further testament to 
robustness of the predictions of LQC. 

Several caveats of the model require discussion. First is 
that our model was constructed using holonomies of the 
extrinsic curvature as opposed to holonomies of the con- 
nection as done in the full theory. The reason for using 
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this quantization is that the holonomies of the connec- 
tion (an example of which is given in formulal45p are not 
almost periodic functions thus rendering a loop quanti- 
zation difficult. As stated, this technique has been uti- 
lized in the loop quantization of the spherically symmet- 
ric models as well as in the inhomogeneous cosmological 
model of [3lj . An important question is therefore what 
are the implications of the quantization using holonomies 
of the extrinsic curvature. 

We can turn to the closed k = +1 model where both 
quantizations have been performed, with holonomies of 
the extrinsic curvature being used in the earlier work [l3[ 
while holonomies of the connection comprising the quan- 
tization in the more recent work of [9J . The two quantiza- 
tions can be shown to be in agreement in the v 3> 1 limit, 
with the differences restricted to the small volume »<Cl 
regime. We can understand the reason for this behavior 
in the following heuristic way. The holonomies of the con- 
nection consist of exponentials of ~p times the connection; 
i.e., JL{^K l a + T l a ) where for the non flat models the spin 
connection components r* are constant valued. Since we 
are taking ~p to scale as p -1 / 2 (equivalently v -1 / 3 ), then 
for large values of v the quantity JLT l a is guaranteed to be 
small. Thus, the difference of holonomies of the connec- 
tion and extrinsic curvature are expected to be negligible 
in the large v limit. This is precisely what is observed in 
the k = +1 model. 

Therefore, the results of the k = +1 model indicate 
that for the k = — 1 quantization presented here, the 
results are expected to be valid in the v S> 1 regime. 
This does not affect any of the results presented here 
provided that the semi-classical state does not approach 
the v < 1 regime. As we have mentioned, the bounce 
occurs at a value of i> > 1 for universes which behave 
semi-classically. Furthermore, in the k = +1 model sim- 
ilarly the bounce occurs at v ^> 1 for universes which 
reach macroscopic size before recollapsing 9]. Thus we 
expect that the physical results presented in this paper, 
such as the quantum bounce, are largely insensitive to 
whether the quantization is performed using holonomies 
of the connection or extrinsic curvature. 

Additionally there is the issue of the dependence of the 
quantum results on the size of the fiducial cell. First we 
can ask if the effective Friedmann equation (|89|) is de- 
pendent on the fiducial cell and therefore the prediction 
of the quantum bounce. Classical quantities such as the 
scale factor a and matter energy density do not make ref- 
erence to the fiducial cell and thus do not rescale. This 
implies that the effective Friedmann equation (|89[) is in- 
variant under a change in fiducial cell. Note that the 
result crucially depends on the fact that JI is not taken 
to be a constant, but scales as p" 1 ^ 2 . Thus the prediction 
of the bounce does not make reference to the fiducial cell. 

The same statement can not be made about the in- 
verse volume corrections appearing in the quantum mat- 
ter density of the scalar field. The eigenvalues B{v) give 
back the classical behavior for v <§; 1 but in general be- 



have as 

U <<! (93) 

The parameter v is proportional to the physical volume 
of the fiducial cell, and thus must scale if we resize the 
fiducial cell. The exact scaling under a resizing of the 
fiducial cell Vo — ► Vq = £ 3 Vb, is given as 

v -> v = fv (94) 

For a given value of the scale factor, a larger fiducial cell 
implies a larger value of v. In terms of the scale factor, 
v is related as 

which makes evident that the value of v depends explic- 
itly on the fiducial cell volume Vo for a fixed value of the 
scale factor. If we enlarge the fiducial cell, then the value 
of v should also increase which in turn reduces the effects 
of the inverse volume eigenvalues. Vice versa, a smaller 
fiducial cell implies stronger inverse volume effects. 

Thus, when considering phcnomenological applications 
involving the inverse volume modifications, one must 
specify the scale at which the inverse volume effects are 
non-negligible. In other words, the critical scale separat- 
ing the quantum regime from the classical regime corre- 
sponds to v = 1 which in terms of a critical scale factor 
a* gives 

/8tt7 t/ -i/3 / oft . 

a * = \j — K^ V ° (96) 

which indicates the explicit dependence on the fiducial 
cell. Again, a larger value of Vo implies a smaller a* 
which pushes the quantum effects into the higher curva- 
ture regime and vice versa. If the fiducial cell volume Vq 
and K arc on the order of one, then a* is on the order of 
the Planck length, but note that the critical scale is not 
necessarily Planckian. 

The issue of the scale dependence of the inverse vol- 
ume modifications occurs additionally in the k = model 
where again a fiducial cell is required to quantize the 
spatially infinite model (see discussions in p, [32j ) . The 
preceding arguments remain valid for this model and a 
scale must be introduced. On the other hand, the com- 
pact k = +1 model does not require a fiducial cell since 
the spatial integrations do not diverge. There, inverse 
volume modifications occur when the physical volume of 
the entire universe is Planckian. In other words, the scale 
at which the quantum effects occur is provided by phys- 
ical volume of the universe. For the closed model this is 
equivalent to the high curvature Planckian regime. 

Since the scale at which the inverse volume effects oc- 
cur is given by the physical size of the fiducial cell in 
the k = 0, — 1 models, an important issue is to determine 
what sets the scale in loop quantum cosmology. The fidu- 
cial cell was introduced in order to regulate the infinite 
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spatial integrations appearing in the action and Hamilto- 
nian and thus is not expected to be physically relevant. 
One possibility is that the scale is provided in an inhomo- 
geneous treatment of loop quantum cosmology. An inho- 
mogeneous model of loop quantum cosmology has been 
developed in (3lj | based on a fixed lattice quantization. In 
that model, the scale corresponds to the physical size of 
the lattice links. Yet, the inhomogeneous model does not 
provide a prescription to determine the size of the scale, 
which must be specified by hand and is not necessarily 
tied to matter degrees of freedom or the curvature scale. 
The naive expectation would be that the lattice spacing 
should be Planckian in size, but if the model describes 
the current universe then we would expect to see inverse 
volume modifications occurring today, a prediction which 
is clearly ruled out by observations. 

Whatever determines the scale inherent in LQC mod- 
els, one is faced with constraining the predictions with 
observations. As mentioned, if the scale is too small, 
then inverse volume corrections might be predicted in the 
near past which would alter the Friedmann dynamics and 
be observationally detectable. If the lattice links of an 
inhomogeneous model provide the scale, the links must 
be sufficiently larger than the Planck scale in the recent 
history of the universe, but presumably not too large to 
spoil particle physics. If the scale provided by the lattice 
links expands with the growing universe (i.e. the lattice 
links grow with the universe), then ensuring that they are 
not too large today, while being not too small in the ear- 
lier universe could be challenging and might require fine 
tuning. The inhomogeneous model of of [31| has the be- 
havior that the lattice links expand with the universe and 
thus would face this constraint. However, as mentioned 
in [3l|, one possibility is that in a more systematically 
derived inhomogeneous lattice model of loop quantum 



cosmology, the scale provided by the lattice links would 
dynamically change and thus might not grow with the 
expanding universe. This type of behavior is mimicked 
in the homogeneous setting when 71 scales as a function of 
p^ 1 / 2 , a quantization feature which was first proposed in 
6] and has been utilized in this paper. With this scaling 
behavior, the holonomy edges defining the Hamiltonian 
constraint operator decrease in physical length with the 
expanding universe. The results of the improved quan- 
tization appear better grounded on a physical basis and 
thus this behavior would seem to be a requirement for 
constructing inhomogeneous models. 

Furthermore, we have shown that the inverse volume 
modifications play no important role in the quantum dy- 
namics for universes which behave semi-classically since 
the bounce occurs for »> 1. Additionally, in the k = +1 
model, for universes which grow to macroscopic size, 
again the inverse volume modifications play no role [9]. 
We these indications, along with the arguments that the 
ambiguity parameter j should be its lowest value 1/2 
f2~il l2a ] , these results give evidence that the inverse vol- 
ume modifications may not play a significant role in the 
evolution of the universe. 
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